Examples of linear maps between normed spaces are constructed, including a one-to-one map from a countable-dimensional linear subspace of l2 onto /2. We prove that the linear span of a countable-dimensional linearly independent subset of a normed linear space is, in many cases, countable dimensional.
1. Introduction. In this note we shall prove that for a given separable Banach space Y there exists a one-to-one, continuous linear surjection F: E -» Y, where £ is a normed linear space, which is a countable union of zero-dimensional sets. The space E will be obtained as the linear span of a carefully embedded zero-dimensional metric space into a Banach space. If Y is a Hilbert space then E can be chosen to be a linear subspace of the Hilbert space.
In the proof we use the well-known construction of an embedding of a metric space onto a linearly independent subset of a Banach or Hilbert space briefly described in §2. In §3 we will prove that the linear span of a carefully embedded countable-dimensional, separable metric space is also countable dimensional. In §4 we will construct some examples of linear maps "raising" topological dimension.
2. The standard embedding into /^-spaces, 1 < p ^ oo. Recall that for a set S we can define normed spaces I (S), X < p < oo. For 1 < p < oo, lp(S) consists of functions z: 5 -» R such that Ls(=s\z(s)\p < oo with usual addition and scalar multiplication. The p-norm of z g lp(S) is \\z\\p = (T.ssS\z(s)\p)1/p.
The space lx(S) consists of all bounded functions z: S -» R. The oo-norm of z e L(S)is\\z\\x = supseS|z(s)|.
Let A be a metric space with metric d bounded by 1. In this section we briefly describe an embedding h: X -» lp(S), X < p < oo, with certain nice properties.
First consider the case 1 < p < oo. The construction for p = 2 can be found in [BP, p. 193 ]. (X) h is an embedding, (2) h(X) is a linearly independent subset, and (3) for every x g A, and every closed subset F ç A w/z/z x £ 5, //ze/r ex/sis a continuous linear functional \p:
For the proof of (1) and (2) (for the case p = 2), see [BP, p. 193] , Property (3) is built into the construction, since we can use the "projection onto a ^-coordinate", i.e. the functional \p(z) = z(tf>) for appropriately chosen tf> g A". (Pick n > 1 such that 1/2" < c/(x, F), and find d. g A" such that <¡>(x) * 0.) Note that if A is a separable metric space, we can arrange that A is countable. The construction for p = oo can also be found in [BP, p. 49] , Define the space Y = AU {y0}, with the metric d that extends d and has the property that d(x, y0) = X for x g X. Let A = {a: Y -» R; a(y0) = 0, \a(yx) -a(y2)\ < d(yx, y2) for all yx, y2 g Y}. Finally, defineh: X -» /^(^l) by A(x) = x, wherex(a) = a(x).
Proposition.
The map h is an isometry, h(X) is a linearly independent subset of l"o(A)> and (4) for every x G A and every closed subset 5 ç A with x £ F there exists a continuous linear functional $: lx(A) -* R such that \p(h(F)) = {0} and\p(h(x)) =£ 0.
Again, (4) can be proved using the appropriate projection. If we set a(y) = d(y, F U {y0}), then the functional i//: lx(A) -» R defined by yp(z) = z(a), has the desired property. The rest is proved in [BP] .
3. Countable-dimensional linear spaces. We can construct many interesting normed spaces by taking span h(X) where h: X -* £ is an embedding of a metric space into a normed space such that h(X) is a linearly independent subset (e.g. we can use the construction described in §2). The question we want to address in this section is: When is span h (A) countable dimensional? (A separable metric space Z is countable dimensional if it can be represented as a countable union of zero-dimensional subsets.) The obvious necessary condition is that A must be countable dimensional.
3.1. Example. Choose a Hamel basis X of l2 = /2(N), and let /: C -» A be a one-to-one surjective map from a zero-dimensional separable metric space C.
Assuming that C Q [\, 1], we set rJLÉÚ..x,xex\ \ 1Mb / Then X' is also a Hamel basis for l2, and x' •-» ||x'||2 defines a homeomorphism X' ~ C. Therefore dim X' = 0 and span X' = l2 (which is not countable dimensional).
It is known (cf. [BP, p. 282] ) that if A is a countable union of finite-dimensional compacta, then span h(X) is countable dimensional (for every embedding h: X -» E such that h(X) is a linearly independent subset of E). We prove in this section that if h is a "nice" embedding, then span h(X) is countable dimensional, provided A is countable dimensional. The standard embeddings described in §2 possess this nice property.
3.2. Theorem. Let h: X -» E be an embedding of a countable dimensional separable metric space X into a linear metric space E such that h(X) is a linearly independent subset of E. Suppose that h(X) satisfies the following property.
For every x G A and every closed subset F Q X with x <£. F (*) there exists a continuous linear functional \p: E -» R such that 4>(h(F)) = {0} but ^(h(x)) * 0.
Then span h( X) ç Eis countable dimensional. Noting that the domain of x is countable dimensional (since it is contained in [-N, N]m X Xm), the rest of the proof follows from the next two lemmas.
3.3. Lemma, x is a closedix\(i2 -ix)\ ■ ■ ■ (is -ís_1)!-ío-1 surjection.
3.4. Lemma. If f: X -* Y is a closed q-to-X map between separable metric spaces (q > 1), and if X is countable dimensional, then Y is countable dimensional.
Proof
of Lemma 3.3. From the uniqueness of the representation of z g span h(X) -{0} as a linear combination of elements in h(X) (up to a permutation), it follows that x is a ix\(i2 -ix)\ • • • (is -z'^^l-to-l surjection. To show that x is closed, it suffices to prove that if (zk)f=x is a sequence in the domain of x, and if x(zk) ~* x(z) f°r some z in the domain of x> then (zk)kc=x has a convergent subsequence.
To set the notation, let zk = (xx,. . . ,xkm, tx,. . . ,tk), z = (xx,... ,xm, ix,.. -,tm). Passing to a subsequence, we may assume that (5)f*-* t?,i= l,...,w,and Let 11 be a new norm on E defined by |x| = (Ix^2 + \F(x)\\)l/2. Then:
// the Hamel basis X satisfies the condition (*) of 3.2 with respect to the norm \\x, then Xsatisfies (*) with respect to \ |, (iii) the norm \ \ induces the same topology on X.
Let us observe that F may not be continuous as a map of (A, 11,) into (Y, \\2). For instance, let E = span A, where A = {(x,) g l2: x, = t', ie [ §, f ]}. Let / be a continuous real-valued function on X such that/_1(0) = {(?') g A: t g [%, \]} and /_1(1) = ((I)')-The set A is a Hamel basis for E and span/_1(0) is dense in E (cf. [BP, p. 267] ). Hence the linear extension F of fis not continuous because F(x) = 0 for x g span f~l(0) and F(((|)')) = 1-License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Let us recall that a linear subspace of the Hilbert space is called a pre-Hilbert space.
4.2. Example. There exists a continuous one-to-one linear surjection A: E -* l2 of a countable-dimensional pre-Hilbert space E onto l2.
Proof. Let A be the zero-dimensional Hamel basis of the Hilbert space l2 constructed in §3, and let h: X -> l2 be an embedding of A onto linearly independent subset of l2 described in §2. Let us consider the linear space E = span h(X) with the norm given by \y\ = (||.y||2 + ||£(v*)|l2)1/2 f°rJ e T., where F: E -* i2 is the linear extension of the map h~x: h(X) -> A. (Note that the norm 11 is induced by an inner product x * y = x ■ y + F(x) ■ F(y) for x, y g E. Thus the linear completion of E is isomorphic to l2, and hence £ is a pre-Hilbert space.) By Lemma 4.1 and Theorem 3.2, (£, | |) is a countable-dimensional pre-Hilbert space, and the linear map £: (£, | |) -» (l2, \\ \\2) is a continuous, one-to-one surjection.
Repeating the above construction we obtain 4.3. Example. Let Y be a separable Banach space. There exists a continuous, one-to-one linear surjection £: £ -> Y of a countable-dimensional normed linear space £ onto Y.
A metric space X is a-finite-dimensional-compact if A is a countable union of finite-dimensional compacta. The next example answers a question posed in [MM] [BP, p. 282] for the proof that span h(I) is a-finite-dimensional-compact).
4.5. Example (cf. [MM] ). There exists an open linear surjection of a a-finitedimensional-compact pre-Hilbert space onto a pre-Hilbert space which is not countable dimensional.
Proof is contractible in/-1(í7)). By [H] the linear maps constructed in §4 are fine homotopy equivalences (the map /: X -* Y is a fine homotopy equivalence if for every open cover U of Y there exists a map g: Y -» A such that f ° g is t/-homotopic to idy and g° f is /_1(c7)-homotopic to id^). Hence the Examples 4.2,4.3 show that even one-to-one fine homotopy equivalences can raise dimension (cf. [A] ).
